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This note introduces the notion of (d, k) Directed’ Moore Graphs (DMG in 
short), and investigates the question of their existence. A (d, k) DMG is a regular 
directed graph of degree d and diameter k containing the maximum number of 
nodes according to a certain definition. It is shown that unless d = 1 or k = 1 there 
are no (d, k) DMG’s. 
I. INTRODUCTION 
An undirected Moore graph (UMG) of type (d, k) is a regular graph of 
degree d and diameter k which has a number N&d, k) of nodes achieving 
the following upper bound 
N,,(d,k)= 1 +d+d(d- l)+ 0.0 +d(& I)k-1, 
d(d- l)k-2 
d-2 
(d > 2). 
The UMGs are very rare. For k = 1, the complete graphs with degree 
d = n - 1, N,,(d, 1) = d + 1, are UMGs. For d = 2, the polygon with 2k + 1 
nodes has a diameter equal to k and is a (2, k) UMG. Hoffman and 
Singleton [ 3 ] investigated (d, 2) and (d, 3) UMGs. They showed that for 
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k = 2, UMGs exist only for d = 2, 3, 7 and possibly for d = 57. For k = 3, a 
UMG exists only for d = 2. Bannai and Ito [ 1 ] and Damerell [ 21 have 
shown that, unless d = 2, there are no UMGs of diameter greater than 3. 
Therefore, for d > 2 and ‘k > 1 there are only two, or possibly three, UMGs. 
Similarly, an upper bound N&d, k) for the maximum number of nodes in 
a regular directed graph with indegree and outdegree equal to d and diameter 
equal to k is 
N,,(d,k)= 1 +d+d*+- +dk. 
A (d, k) regular directed graph that achieves this bound is called a directed 
Moore graph (DMG in short). For k = 1, (d, 1) DMGs are (d + 1 )-node 
complete directed graphs. For d = 1, (1, k) DMGs are simply (k + 1)-node 
directed cycles. We prove that there are no (d, k) DMGs for d > 1 and 
k> 1. 
II. IMPOSSIBILITY OF (d,k) DMGs FOR d> 1 AND k > 1 
Let G be a (d, k) DMG. It is easy to see that 
(1) There are no cycles of length less than k + 1. 
(2) Given any two nodes i, j in G, i #j, then there exists a unique 
directed path from i to j of length less than k + 1. 
We can then conclude that if A is the n X n adjacency matrix of an n-node 
(d, k) DMG, we have the following relation: 
I+A+A*+-+Ak=J, (1) 
where Z is the identity matrix and J has all its entries equal to one. From 
Eq. (l), it is clear that the eigenvalues of A are d and some of the roots of 
1 +x+x*+ ‘.. +xk=O, (2) 
which are (k + 1)st roots of unity. Since (d, k) DMGs have no cycles of 
length less than k + 1 we further have 
Trace Aj = 0, j = 1, 2 ,..., k. 
Then 
n-1 
dj + 1 x( = 0, j= 1,2 ,..., k. 
l=l 
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so 
n-l n-l n-l 
-d= x xi= c x,‘= c +-&, 
i=l i=l i=l 
since xi1 = 2; = xf and d is real. The either k = 1, and the (d, 1) DMG is a 
complete directed graph, or d = 1, and the (1, k) DMG is a directed cycle. 
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